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We provide a supersymmetric generalization of n quantum bits by extending the local oper- 
ations and classical communication entanglement equivalence group [517(2)]" to the supergroup 
[u05'p(l|2)]" and the stochastic local operations and classical communication equivalence group 
[SL(2,C)]" to the supergroup [05*^(112)]". We introduce the appropriate supersymmetric general- 
izations of the conventional entanglement measures for the cases of n = 2 and n = 3. In particular, 
super-Greenberger-Horne-Zeilinger states are characterized by a nonvanishing superhyperdetermi- 
nant. 
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I. INTRODUCTION 

The question of computable entanglement measures 
for arbitrary quantum systems is, to a large extent, an 
open one. However, substantial progress has been made 
utilizing the paradigms of local operations and classical 
communication (LOCC) and stochastic local operations 
and classical communication (SLOCC). For example, 2- 
qubit and 3-qubit systems both admit concise, but non- 
trivial, SLOCC classifications which reveal a number of 
important qualitative features of multipartite entangle- 
ment [1 - 6J . In particular, 2-qubit Bell states and 3-qubit 
Greenberger-Horne-Zeilinger (GHZ) states are character- 
ized, respectively, by nonvanishing determinant and hy- 
per det erminant . 

Here we propose a supersymmetric generalization of 
the qubit, the superquhit. We proceed by extending 
the n-qubit SLOCC equivalence group [SL{2, C)]" and 
the LOCC equivalence group [S'J7(2)]" to the super- 
groups [OSp{l\2)Y' and [uOS'p(l|2)]", respectively. A 
single superqubit forms a 3-dimensional representation 
of 05*^(112) consisting of two commuting "bosonic" com- 
ponents and one anticommuting "fermionic" component. 
For n = 2 and n = 3 we introduce the appropriate su- 
persymmetric generalizations of the conventional entan- 
glement measures. In particular, super-Bell and super- 
GHZ states are characterized, respectively, by nonvanish- 
ing superdeterminant (distinct from the Berezinian) and 
superhyperdeterminanl[^ 

This mathematical construction seems a very natural 
one. Moreover, from a physical point of view, it makes 
contact with various condensed-matter systems. For ex- 
ample, the three-dimensional representation of OSp{l\2) 
is encountered in the supersymmetric t-J model where it 
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The present work was in part inspired by the construction of the 
superhyperdeterminant in [7]. 



describes spinous and holons on a one-dimensional lat- 
tice [8l-[T2|. It also shows up in the quantum Hall effect 
[IB] and Affleck-Kennedy-Lieb-Tasaki models of super- 
conductivity [2]. 

In order to facilitate the introduction of a super Hilbert 



space, super LOCC and superqubits in section IV 



first recall some familiar properties of ordinary Hilbert 
space, LOCC, and qubits in |scction II| Similarly, in or- 
der to discuss the supcrentanglement of two and three 
superqubits in section V} we first review the ordinary 
entanglement of two and three qubits in [section Hll 



II. QUBITS 

A. Hilbert space 

A complex Hilbert space % is equipped with a one-to- 
one map into its dual space "H^, 



1^) ^ (|^))t (^1 



(1) 



which defines an inner product and satisfies the 

following properties: 

1. For all If/)), 10) € and any complex number a we 
have, 



(a|V))^ - (^|a^ 
(|^) + |0))t = (V'|4 

2. For all \i^)M) £%, 

3. For all |V^) e H, 



(2) 



(3) 



(4) 



with equality holding if and only if 1-0) is the null 
vector. 
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In particular a qubit lives in the two-dimensional com- where G R and 

plex Hilbert space C^. An arbitrary n-qubit system is A — ^ (P P ) 

then simply a vector in the n- fold tensor product Hilbert ^ 2^ oo 11 ), 

space C2 • • • «) C2 = [C^]". A2 = ^{Poo + Pii), 



B. LOCC and SLOCC 



A] = -A,. 



Two states are said to be LOCC equivalent if and only 
if they may be transformed into one another with cer- 
tainty using LOCC protocols. Reviews of the LOCC 
paradigm and entanglement measures may be found in 
[TEl [TB] . It is well known that two states of a composite 
system are LOCC equivalent if and only if they are re- 
lated by the group of local unitaries (which we will refer 
to as the LOCC equivalence group), unitary transforma- 
tions that factorize into separate transformations on the 
component parts [17' . In the case of n qubits the group of 
local unitaries is given (up to a global phase) by [SU{2)]"-. 

Similarly, two quantum states are said to be SLOCC 
equivalent if and only if they may be transformed into one 
another with some nonvanishing probability using LOCC 
operations [21 [17] . The set of SLOCC transformations re- 
lating equivalent states forms a group (which we will refer 
to as the SLOCC equivalence group). For n qubits the 
SLOCC equivalence group is given (up to a global com- 
plex factor) by the n-fold tensor product, [SL{2,G)]^, 
one factor for each qubit [5] . Note, the LOCC equivalence 
group forms a compact subgroup of the larger SLOCC 
equivalence group. 

The Lie algebra s[(2) may be conveniently summarized 



C. One qubit 

The one-qubit system (Alice) is described by the state 

\^)^aA\A), (13) 

and the Hilbert space has dimension 2. The SLOCC 
equivalence group is SL{2, C)a, under which oa trans- 
forms as a 2. 

The norm squared (^'|^) is given by 



(14) 



(^A,aA2 

and is invariant under SU{2)a- The one-qubit density 
matrix is given by 



(15) 



P l*>(*l 
= aAia*^JAi){A2\. 

The norm squared is then given by 

(vl^l*) =tr(p). (16) 

Unnormalized pure state density matrices satisfy 

= tr(p)p. (17) 



[PAiA2,Pa3A4] ~ 2e(^Ai(A3PAi)A2} 



(5) 



where A — 0,1, and throughout this paper we use 
"strength one" (anti)symmetrization, so that 



X 



{A1A2) = 2 



\{XAiA2 + XA2A1] 



(6) 



We permit the indices to be raised/lowered by the 
SL{2, C)-invariant epsilon tensors according to the rules: 

Va,^sa,A2V^' V^'^e^'^WA2, (7) 

where we adopt the following conventions 

eA,A2=-e^'^\ eA,A2e^'^' =5il. (8) 

Consequently, 

U^Va - -UaV^. (9) 
The compact subalgebra su(2) is given by 

su(2) {a: e s[(2)|A:^ = -X}. (10) 
An arbitrary element X G su(2) may be written as 

X = (11) 



D. Two qubits 

The two-qubit system (Alice and Bob) is described by 
the state 

\^)=aAB\AB), (18) 

and the Hilbert space has dimension 2^ ~ 4. The SLOCC 
equivalence group is SL{2, (C)a x SL{2, G)b under which 
aAB transforms as a (2, 2). 

The norm squared (^'|^) is given by 

{^\^)=S^^^^S^^^^a*A,B,aA2B2- (19) 

and is invariant under SU{2)a x SU{2)b- The two-qubit 
density matrix is given by 

p ■= mm 

= aA,ByA2B2\AlBi){A2B2\. ^ ' 

The reduced density matrices are defined using the par- 
tial trace 



PA^tTB\-^){^\ 

PB = trA|*)(«'| 



{pa)a,A2 - 5''-''- 



{pb)bi1 



'aAiBiOA B2 



(21) 



(22) 
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E. Three qubits 

The three-qubit system (Alice, Bob, Charlie) is de- 
scribed by the state 



(23) 



and the Hilbert space has dimension 2^ — 8. The SLOCC 
equivalence group is 5*^(2, C)a x SL{2, C)b x SL{2, C)c 
under which gabc transforms as a (2, 2, 2). 
The norm squared (^'|^) is given by 



C2 



(24) 



and is invariant under SU{2)a x SU{2)b x SU{2)c- The 
three-qubit density matrix is given by 



aA,B^cyA2B,cMlBlCi){A2B2C2\. 



(25) 



The singly reduced density matrices are defined using the 
partial trace 



PAB = trc I, 
Pbc =tr A I *)(*!, 

PC A = tri3|*)(«'|. 



(26) 



ipAB)AiA2BiB2 = S^^^^ ClAiBiCia*A^B2C2^ 
{PBc)biB2CiC2 = ^'^^^^0,AiBiCia*A2B2C2^ (2^) 
{PCA)ciC2AtA2 = S^^^'^ aAiBiCia*A2B2C2- 

The doubly reduced density matrices are defined using 
the partial traces 



PA = trBc|*)(^'|, 

Pb =trcA|^')(*|, 
PC = trAB|*)(«'|, 



(28) 



{Pa)a,A2 = ^'''"'^^'^'aA,B,cA^B2C2^ 

{pb)b,B2 = i^'^'^^'^'o.A,B,c,a\^B2C2^ (29) 

{PC)C,C2 = &^'^'6''^'''aA,B,cyA2B2C2- 



III. ENTANGLEMENT 



A. Two qubits 



For two qubits there are only two distinct SLOCC en- 
tanglement classes - two qubits are either entangled or 
not. The two classes are distinguished by the SLOCC in- 
variant, deta^B. For separable states deta^s = 0, while 
it is nonzero for any entangled state. 

There are two independent \SU(2)Y invariants, the 
norm and the 2-tangle tab [TlfTS]. 



TAB = 4 det PA = 4 det ps = 4| det oabI 



(30) 



The 2-tangle is maximized, tab = 1, by the Bell state: 
l*>Bcn = 75(100) + 111)). (31) 

B. Three qubits 

For three qubits there are six distinct SLOCC entan- 
glement classes [H HHS] . These classes and their repre- 
sentative states are summarized as follows: 

Separable: Zero entanglement orbit for completely fac- 
torisable product states, 



A-B-C : |000). 



(32) 



Biseparable: Three classes of bipartite entanglement 
A-BC : |010) 



B-CA 
C-AB 



1 100) 
1010) 



1001), 
1001), 
1 100). 



(33) 



W: Three-way entangled states that do not maximally 
violate Bell-type inequalities in the same way as 
the GHZ class discussed below. However, they are 
robust in the sense that tracing out a subsystem 
generically results in a bipartite mixed state that 
is maximally entangled under a number of criteria 



0, 



W: |100) + |010) + |001). 



(34) 



GHZ: Genuinely tripartite entangled Greenberger- 
Horne-Zcilinger [1^ states. These maximally vi- 
olate Bell's inequalities but, in contrast to class W, 
are fragile under the tracing out of a subsystem 
since the resultant state is completely unentangled. 



GHZ 



1 000) 



1111) 



(35) 



The six classes may be distinguished either by appeal- 
ing to simple arguments concerning the conservation of 
reduced density matrix ranks as in [5j or by consider- 
ing the vanishing or not of five algebraically independent 
covariants/invariants as in [6]. For our purposes it is 
more convenient to follow the latter approach as it bet- 
ter facilitates our supersymmetric extension. The five 
covariants/invariants are given as follows: 



1. Three covariants 

{i^)ma 



bc 



0-Ai 0'A2BC, 

(r.,B\ „A C„ 

(1 )BiB2 — a Bi "ABaC, 

(^,C\ „AB „ 



(36) 



transforming, respectively, as a (3,1,1), (1,3,1), 
and (1,1,3) under SLa{2,G) x SLb{2,C) x 
SLc{2,C). 
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TABLE I. The entanglement classification of three qubits. 



Class 


Vanishing 


Nonvanishing 


A-B-C 




aABC 


A-BC 


7^7^ 


7-^ 


B-CA 


7^7^ 


7^ 


C-AB 


7^7^ 


7^^ 


W 


Del a ABC 


Tabc 


GHZ 




Det QAsc 



2. One covariant Tabc transforming as a (2, 2, 2) un- 
der [SL{2,G)Y , which may be written in one of 
three equivalent forms 



Tabc 
Tabc 
Tabc 



{l'^)AA'a^' BC 
{l'')BB'aA''' c 



(37) 



(7 )cc'aAB 



C 



3. Cayley's hyperdeterminant TieiaABC [2 13 ED], the 
unique quartic [SL{2,G)Y invariant, where 

Det aABC = - det 7^ = - det 7^ = - det 7'^. (38) 
The entanglement classification as determined by these 



covariants/invariants is summarized in Table I 

There are six independent [S'?7(2)]'^ pure state invari- 
ants [H]: the norm, the three local entropies 4detp^, 
4det/9B, 4 det PC, the Kempe invariant [55], and finally 
the all important 3-tangle tabc 

TABC = 4| Det a^sc I- (39) 

The 3-tangle is maximized, tabc = 1, by the GHZ state: 

I*)ghz = 75(1000) + I111)). (40) 

IV. SUPERQUBITS 

A. Super Hilbert space and uOSp{l\2) 

1. The dual space 

With one important difference, explained below, our 
definition of a super Hilbert space follows that of DeWitt 
[23j . We define a super Hilbert space to be a supervector 
space T-L equipped with an injection to its dual space TH} , 



(41) 



Details of even and odd Grassmann numbers and su- 
pervectors may be found in |Appendix A[ A basis in which 
all basis vectors are pure even or odd is said to be pure. 
Such a basis may always be found [23] . 

The map ^ -.H^H^ defines an inner product ("010) 
and satisfies the following axioms: 



1. ^ sends pure bosonic (fermionic) supervectors in H 
into bosonic (fermionic) supervectors in Ti} . 



2. ^ is linear 

(|0) + |0))t = (0| + (0|. 

3. For pure even/odd a and \^) 

and 



(a(V'l)* = (-) 



■0 + Ql/i I 



(42) 

(43) 
(44) 



where is the superstar introduced in Appendix A 
In particular. 



)" = (-)1V'). 



(45) 



Note, an a (or ip and the like) appearing in the 
exponent of (— ) is shorthand for its grade, deg(a), 
which takes the value or 1 according to whether 
a is even or odd. The impure case follows from the 
linearity of ^ . 

In a pure even/odd orthonormal basis {\i)} we adopt 
the following convention: 



IV) = |*)V^ 



so that for pure even/odd V' (43l and (44 1 imply 



(46) 



(47) 



where we have used deg (■(/'?:) — deg(i) -I- deg{ip). This is 
consistent with ( A20 ) . 



For all pure even/odd 
('01'^) satisfies 



2. Inner product 

,10) £ % the inner product 



(0|0)# = (-) 



(010). 



Consequently, 



(0^10) 



## 



(-)'/'+*(0lv'), 



(48) 



(49) 



as would be expected of a pure even/odd Grassmann 
number since deg((0|7/')) = deg(V') + deg(0). In a pure 
even/odd orthonormal basis we find 



(01V) = (-)^+''^0f V 



(50) 



In using the superstar we depart from the formalism pre- 
sented in [53], which uses the ordinary star. A compari- 
son of the star and superstar may be found in |Appendix A| 
. The use of the superstar anticipates the implementa- 
tion of uOSp{l\2) as the compact subgroup of 05p(l|2) 



as will be explained in section IV B 
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3. Linear superoperators and the superadjoint 

A linear superoperator A : H H is required to sat- 
isfy the following properties: 

1. Ai\^p) + m=A\^p)+A\cj,), 

2. A(IV)a) = {A\i;))a. 

Linear superoperators may be combined using 

1. {A + BM^A\^j)+B\ij), 

2. {ABM ^ A{B\tlj)). 



A linear superoperator is said to be pure even (odd) if it 
takes pure even supervectors into pure even (odd) super- 
vectors and pure odd supervectors into pure odd (even) 
supervectors. 

The superadjoint of a pure even/odd linear superoper- 
ator is defined through 

{Ami = i-r^mi. (51) 

This is in fact equivalent to 

((^lA^IV-) - (-)'^+'^^+('^+'^)^(V'|A|0)#, (52) 

which is the natural supersymmetric generalization of the 
conventional definition of the adjoint. This equivalence 
may be established by simply inserting the identity op- 
erator, 1 — in (51), 







Ami 


^ (-)^^(0|A^|^)(^| 














m* 








A\^)*^., 








Am* 








m* 





(53) 



where we have defined \Tp) — and used deg{ip) — 

deg{'4>i) + deg(i). The converse implication follows from 
a similar treatment, which we omit. From (52) we also 
have 



Moreover, 



MA)i = i-)^+^^Ai\<l>). 



Att = {-)^A, 



(54) 



(55) 



which is consistent with the properties of supermatrices 
and the supermatrix superadjoint given in [Appendix A[ 
In a pure even/odd orthonormal basis the supermatrix 
representation of a linear operator A is given by 



A, 



(56) 



In particular, (52 1 implies that the component form of 



the adjoint is given by 



{A% = (_)i+ii+('+j)^A#, 



(57) 



where an index in the exponent of (— ) is understood to 
take the value or 1 according to whether it corresponds 
to an even or odd basis vector. This is just the conven- 
tional supermatrix superadjoint used to define uOSp{l\2) 
m [section IV Bl 

For any linear operator of the form |'0)((/>| one obtains 



(IV')(0l)* = (-)^+^l0)(V'|. 



(58) 



For pure even/odd {tp) the butterfly operator is 
manifestly self-adjoint. 

The inner product is invariant under the action of all 
even operators satisfying the superunitary condition 

AiA = t, AU,fc = <5,fc. 



Let lip) be a pure even/odd supervector and 
\i>)^A\^). 

Then, in a pure orthonormal basis 
= Aijipj. 

Hence, for pure even/odd supervectors 10) and lij, 
even A the transformed inner product is given by 



(^1^) = 



where we have used deg(Ay ) = deg(i) -I- deg(j). 



(59) 



(60) 



(61) 



and 



-y+''^{A,,cPjfAk^k 

_y+^^+U+m+i)^*A*A,^^u 
-)'+^^+(^'+'^)(^+-'''0f(-)^+'^A;f A,fcVfc (62) 
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For all \'ip) 



4- Physical states 



(^I^)b > 0. 



(63) 



Here € C denotes the purely complex number com- 
ponent of the Grassmann number z and is referred to as 
the body, a terminology introduced in [53]. The soul of 
z, denoted zs, is the purely Grassmannian component. 
Any Grassmann number may be decomposed into body 
and soul, z = zg + zg. 

A Grassmann number has an inverse iff it has a nonva- 
nishing body. Consequently, a state is normalizable 
iff > 0. The state may then be normalized. 



(64) 



where A^^ is given by the general definition of an analytic 
function / on the space of Grassmann numbers ( A3 1 . 
Explicitly, 



(V^IV)- 



-1/2 



k=0 j=0 



k 

s- 



(65) 

Motivated by the above considerations a state \ip) is 
said to be physical iff {iP\iP)b > 0. We restrict our atten- 
tion to physical states throughout. 



B. Super LOCC and SLOCC 

We promote the conventional SLOCC equivalence 
group SL(2, C) to its minimal supersymmetric exten- 
sion 05*^(112) [211 US]. The orthosymplectic super alge- 
bras and 05*^(112), in particular, are described in Ap- 
pendix 5] 

The three even elements PA1A2 form an sl(2) subal- 
gebra generating the bosonic SLOCC equivalence group, 
under which Qa transforms as a spinor. 

The supersymmetric generalization of the conventional 
group of local unitaries is given by uOSp{l\2), a com- 
pact subgroup of 05^(112) [55l[25]. It has a supermatrix 
representation as the subset of OSp{l\2) supermatrices 
satisfying the additional superunitary condition 



M^M = 1, 
where is the superadjoint given by 



(66) 



(67) 



The uOSp{l\2) algebra is given by 

uosp(l|2) := {X e osp(l|2)|A* = -X}. (68) 
An arbitrary element X £ uosp(l|2) may be written as 
X = (,A + 7j*Qo + 7]Qi, (69) 



TABLE IL The action of the osp(l|2) generators on the su- 
perqubit fields. 



Generator 



Field acted upon 



PA1A2 
2Qa, 



£(Ai\A3a^A2) 







where and rj are pure even/odd Grassmann numbers 
respectively and 

^1 = 1 (^00 ^ Pll), ^2 = \ [PqO + Pll ) , 

As^iPoi, (70) 
QI^saa'Qa', AI = ~A,. 



C. One superqubit 

The one-superqubit system (Alice) is described by the 
state 



I'f) = \A)aA + h)a.. 



(71) 



where oa is commuting with A = 0,1 and a, is anticom- 
muting. That is to say, the state vector is promoted to 
a supervector. The super Hilbert space has dimension 
3, two "bosons", and one "fermion". In more compact 
notation we may write 



I*) = \X)ax, 



(72) 



where X = {A, •). 

The super SLOCC equivalence group for a single qubit 
is OSp{1\2)a- Under the SL{2)a subgroup transforms 
as a 2 while a, is a singlet as shown in |Table III The super 
LOCC entanglement equivalence group, i.e. the group 
of local unitaries, is given by uOSp{1\2)a, the unitary 
subgroup of OSp{1\2)a- 

The norm squared (^'|^) is given by 



(*l*> 



XA1A2 # 

a^^a^a 



at a. 



(73) 



where = (1^))''' and (^'|^) is the conventional inner 
product that is manifestly uOSp{l\2) invariant. The one- 
superqubit state may then be normalized. 

As explained in [Appendix A| the n-superqubit Hilbert 
space is defined over a 2"+^-dimensional Grassmann al- 



gebra for which Ze"^^ = for all z. So (651 terminates 



after a finite number of terms: 

n ^ k 



k=a j=o 



5' 



(74) 

where the sum only runs to n since the bracket (^'l^')^ 
is at least quadratic in Grassmann variables. For one 
superqubit, with oa pure body, this gives 



-1/2 



(75) 
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so the normalized wave function |^), for which (5*1 5') 
1, is 



I*) 



\A)aA- 



where 



Hd^^^^a*A^aA.)-'^'ata,], 



(76) 



(77) 



a,^a,{6^''^-a*A,aA,)-'/^. 
The one-superqubit density matrix is given by 
p:=\n^\ = i-)^^\X,)axA^{X,\ 



= \Ai)aA,a*{A2\ - \Ai)aA,a*{ 



(78) 



{A2 



Alternatively, in components, we may write 
PX1X2 (-'^i|p|-'^2) 

The density matrix is self-superadjoint, 

PX1X2 ^ iPXiX2)* 

= (-)-^+-^-Vt,^ 
= (-)^^ax,4. 

= PXiX2- 

The norm squared is then given by the supertrace 
str(p) = (-)^M^^^^(Xi|p|X2) 



(79) 



(80) 



(81) 



X 



= (*|*) 

as one would expect. 

Unnormalized pure state super density matrices satisfy 
p2 = str(p)p, 

2 _ f_-.X2 



= str(p)p. 



(82) 



the appropriate supersymmetric version of the conven- 
tional pure state density matrix condition (17). 



D. Two superqubits 

The two-superqubit system (Alice and Bob) is de- 
scribed by the state 

I*) = \AB)aAB + \A>)aA, + \*B)a,B + h»)a.. (83) 



(lAB 


L 







FIG. 1. The 3x3 square supermatrix 



where gab is commuting, a^, and a,B a-re anticommut- 
ing and a,, is commuting. The super Hilbert space has 
dimension 9: 5 bosons and 4 fermions. The super SLOCC 
group for two superqubits is 05*^(112)^1x05^(112)3. Un- 
der the 5L(2)^ X SL{2)b subgroup uab transforms as a 
(2, 2), GAm as a (2, 1), a,B as a (1, 2) and a,, as a (1, 1) 
as summarized in Table IlT] The coefficients may also be 
assembled into a (2|1) x (2|1) supermatrix 



{XY\^) = axY 



( a-AB 


aA»\ 


\a»B 


a„ J 



(84) 



See [Figure 1| 

The norm squared (^'|^) is given by 

i^^) = i-)^^+y^S^^^^6^^^^aty^ax2Y2 
= 5^-^H^^^^aXB,aA2B2 
-5^'^-aX,aA„-5 



".Si "'Si 



(85) 



+ af,a„, 



where = (1^))''' and (^'|^) is the conventional inner 
product taht is manifestly m05p(1|2)a x u05p(1|2)b in- 
variant. 

The two-superqubit density matrix is given by 

P=l*)(*l 
^{-)''-^+''-^\X,Y,)ax,YA,Y2{^2Y2l 



(86) 



The reduced density matrices for Alice and Bob are given 
by the partial supertraces: 



Y 

= Y.{-)^^\X,)ax,Ya 

Y 



X2y(^2\ 



X 



Y,i-f^\Y,)axYAY2iY2 



(87a) 



(87b) 



X 
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TABLE III. The action of the osp(l|2) © osp(l|2) generators on the 2-superqubit fields. 



Generator 


Bosons 




Field acted upon 

Fermions 






a.. 


CfAa. 




PA-i_A2 


£{Ai\A3a\A2)B3 





e(Ai|A3a|A2). 







eCBilSaflAalBa) 








e(Si|S3a.|S2) 


2Qai 


eAiAafl^Sa 


a Aim 


EAiAafl.. 


tSAiSa 


20bi 


EBiB^O-Asm 




flAaSi 





In component form the reduced density matrices are 
given by 



Y 

{pb)yiY2 = ^{-f^^axYiafy^, 



and 



X 



sti PA = strpB = 



(89) 





1 








^ ^ 1 


\ 


1 
1 
1 

(^ABC 

1 
1 
1 

.L 


1 
1 
1 
1 

1 




1 







E. Three superqubits 

The three-superqubit system (Alice, Bob, and Charlie) 
is described by the state 



|*> = \ABC)aABC 
\AB»)aAB, + \A» C)aA,c + {•BC)a,BC 
f I A • •)aA.. + h-B»)a.B. + !• • C)a„c 
+ !• • •)a... 



(90) 



where qab is commuting, qab* aA»c a^BC are anticom- 
muting, QAm* a.s. a..c are commutiirg and a,,, is anti- 
commuting. The super Hilbert space has dimension 27: 
14 bosons and 13 fermions. The super SLOCC group for 
three superqubits is OSp{1\2)a><OSp{1\2)bxOSp{1\2)c. 
Under the SL(2)a x SL{2)b x SL{2)c subgroup uabc 
transforms as a (2,2,2), gab* as a (2,1,1), aA»c as a 
(2, 1, 2), a.Bc as a (1, 2, 2), a^,, as a (2, 1, 1), o.b. as 
a (1,2,1), a„(7 as a (1,1,2), and a,,, as a (1,1,1) as 
summarized in Table IV"l The coefficients may also be as- 
sembled into a (2|1) x (2|1) x (2|1) supcrhypermatrix 



(91) 



FIG. 2. The 3x3x3 cubic supcrhypermatrix 
The norm squared (^'|^) is given by 



(*|*) = (^-)Xi+Yi + ZigXiX2^YiY2gZiZ2„# 



^XiYiZi aX2Y2Z2 



AiSiCl^^2-B2C2 



" " "Ai.Ci"-42»C2 

" " "•BlCl"'»S2C2 

<5-4^-4^a#..a^2.. 

5''''''o*gi,a,B2. 
'5^^''^«f.c,«"C2 



(92) 



where (vE*! = (1^))''' and (^'|^) is the conventional inner 
product which is manifestly uOSp{1\2)a x uOSp{1\2)b x 
uOSp{\\2)c invariant. 

The three-superqubit density matrix is given by 



- mm 

= (^_-^X2+Y2 + Z2 



XiYiZi)axiYiZiax2Y2Z2(^^^'^^^ 



(93) 



See [Figure 2| 



The singly reduced density matrices are defined using the 
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TABLE IV. The action of the osp(l|2) © osp(l|2) © osp(l|2) generators on the 3-superqubit fields. 







Bosons acted 


upon 








flAj.. 


a,B3» 


a,,c3 


PA1A2 


e(Ai|A3a|A2)S3C3 


e{Ai|A3a|A2).. 








PbiB2 


£(Bi\B3aA3\B3)C2 





e{Si|B,1«|A2)» 





PC1C2 


£{Ci\C3a.A3B3\C2) 








£{Ci\C3a..\C2) 






^^AiA3'^»«« 


Q-AiB3» 


lAfCs 


2Qbi 


eBiB3aA3.C3 


fflA3Si« 


— SBiB3CI»»» 


— a.SiCs 


2Qc, 




-«A3.Ci 


— t[.B3Ci 


eciC3a««« 


Fermions acted upon 




"A3 S3. 


«A3.C3 


ffl.B3C3 


a... 


PAtA2 


e(Ai|A3a|A2)S3. 


e(Ai|A3«|A2).C3 








PbiB2 


£{Bi\B3(lA3\B3). 





e{SiiS3'^«|S3)C2 





PC1C2 





£(Ci|C3aA3.|C2) 


e{CiiC3a.S3|C2) 





2Qa, 


eAiA3ffl«S3« 


£AiA3a««C3 


aAiS3C3 


flAi.. 


2Qfli 


£BiB3<lA3f 


aA3SiC3 


~£BiB3(lm»C3 


— 0«Sl« 


2Qci 


aA3B3Ci 


— £CiC3aA3mm 


—£CiC3a-B3t 


a—Ci 



partial supertraces 

Z 
X 

PcA = Y.(~f{Y\p\Y), 



(94) 



PAS = ^(-)^^+^^|Xiyi)ax,nz42y2z(^2l'2|, 
z 

PBC = Y.{-f'+^^\Y,Z^)axY,zAY2Z2^Y^Z^l (95) 
PCA = Y.{-)''^+^-\X^Z^)ax,YzA2YZ2{X^Z2\. 

Y 

The doubly reduced density matrices for Alice, Bob, and 
Charlie are given by the partial supertraces 



PA = Y.^-?^^^^^\p\^^)^ 

Y,Z 

PB^Y.^-r+^{xz\p\xz)., 

x.z 

X,Y 



(96) 



PA = ^(-)^lXi)ax,yzalyz(X2|, 

Y,Z 

PB = '^i-V^\Yi)axYizafY2z0^2\, (97) 
x,z 

PC = Y.^-f"\^i)axYzAYZ2iZ2\. 



SUPER ENTANGLEMENT 



A. Two superqubits 



In seeking a supersymmetric generalization of the 2- 
tangle (30) one might be tempted to replace the deter- 



minant of aAB by the Berezinian of axY 

BeraxY = det(a^B - aA,a,^a,B)a,^ ■ 



(98) 



See |Appendix A[ However, although the Berezinian is the 
natural supersymmetric extension of the determinant, it 
is not defined for vanishing a,,, making it unsuitable as 
an entanglement measure. 

A better candidate follows from writing 

deta^B = ifl^^a^B = i tr(a*eae*) ^^^^ 
= i tr[(oe)*ea]. 

This expression may be generalized by a straightforward 
promotion of the trace and transpose to the supertrace 
and supertranspose and replacing the SL{2) invariant 
tensor e with the 05*^(112) invariant tensor E. See Ap- 
Ipendix 5] This yields a quadratic polynomial, which we 
refer to as the superdeterminant, denoted sdet: 

sdetaxy = \ str[(ai;)''*£'a] 

1/ AB A* »B N 

= 0-AB ^ o, aAt — a a^B ^ o, a„j (J^UDj 

= (flooflii ^ floi'^io + o-o»o,i, + a.oo.i) — 

which is clearly not equal to the Berezinian, but is never- 
theless supersymmetric since Qa annihilates a^^ aAB — 
a*^a»B and a'^'a^. 



,AB 



while Qb annihilates 
o-AB — n'^'iiA* and a*^a,B + a" a... Satisfyingly, 



(100 1 reduces to deta^iB when oa., a.s, and a,, are set 



X,Y 



to zero. We then define the super 2-tangle as 

Tjcy = 4sdetaxy(sdetaxY)'^. (101) 
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In summary, 2-superqubit entanglement seems to have 
the same two entanglement classes as 2-qubits with the 
invariant det replaced by its supersymmetric coun- 
terpart sdetaxy- 

Non-superentangled states are given by product states 
for which uab — aAbs, aA» — aAb,, a,B = a,,bB, a.. = 
a,6,, and sdeta^y vanishes. This provides a nontrivial 
consistency check. 

An example of a normalized physical superentangled 
state is given by 



Contour Plot 



I*' 



111) 



for which 



sdet axY = | + 5 ' | 



and 



TXY — 4sdetaxy(sdetaj(:y)"^ — 1. 



(102) 



(103) 



(104) 



So this state is not only entangled but maximally entan- 
gled, just like the Bell state 



l*) = 7l(|00) + |ll)) 



(105) 



for which sdetaxy = 1/2 and txy — 1- Another more 
curious example is 



(106) 



which is not a product state since a,, is pure body and 
hence could never be formed by the product of two odd 
Grassmann numbers. In fact sdet a^y = 1/2 and txy = 
1, so this state is also maximally entangled. 

We may interpolate between these two examples with 
the normalized state 



Bell 



(107) 



where a, (3 G C, for which we have 



sdetaxy = 



Txy 



1 a' 



2 



32\2 



(108) 



|2)2- 



The entanglement for this state is displayed as a func- 
tion of the complex parameter /3 in [Figure 3| for the case 
a — 1. Note, in particular, that while the entanglement 
is maximized for arbitrary pure imaginary /3, it has its 
minimum value on the real axis at /3 = ±1 as shown in 
[Figure 4] 



^ 




Surface Plot 




FIG. 3. The 2-tangle txy for the state (1071 for a complex 
parameter j3. 



reduces to Cayley's hyperdeterminant when aAB», CLAtC, 
o-mBCi o,A»», a,B», cl,,Cj and a„, are set to zero. We do 

this by generalizing the 7 matrices: 



B. Three superqubits 



In seeking to generalize the 3-tangle (39), invariant un- 
der [S'i(2)]^, to a supersymmetric object, invariant under 
[0S'p(l|2)]'^, we need to find a quartic polynomial that 



BC Bm 

lAiA.2 '■= aAi aA-zBC — aAi flAsB. 



(109a) 
(109b) 
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2-tangle with real p 

TXY 



1.2 




l.O- 


- \ 


0.8 








\ / 

^ 1^,1 





Finally, using F"* we are able to define the supersym- 
metric generalization Txyz of the 3-qubit tensor Tabc 
as defined in (ISTI), 



^ F 



XX' 



YZ- 



(115) 



It is not difficult to verify that Txyz transforms in pre- 
cisely the same way as axYZ (as given in Table IV I under 
osp(l|2) © osp(l|2) © osp(l|2). The superhyperdeternii- 
nant may then also be written as 



sDet axYZ = Tabco- 



ABC 



TtBca' 



BC 



rp „A»C rp „AB» 

— lA»ca — lAB*a 

rp „Af I rp 

I rp ••C rp ••• 



(116) 



FIG. 4. The 2-tangle txy for the state ( |107[ ) for a real pa- 
rameter (3. 



7,^2 ■— a,^^aA2BC — o-t^'aA^Bt 
— a,''~^aA2*c ~ a,"aA2**, 



(109c) 



together with their B and C counterparts; notice that the 
building blocks with two indices are bosonic and those 
with one index are fermionic. The final bosonic possibil- 
ity, 7(,,), vanishes identically. The simple supersymme- 
try relations are given by 



QA1IA2A3 =£Ai(A2 7A3). 
QAi1A2» = IIA1A2 

Qb1AiA2 = = QclAiA2 
QbIA, = = QclA^■ 



(110) 



Using these expressions we define the superhyperdeter- 
minant, denoted sDet a: 

sDeiaxYZ = \{i^'^'ia,A2'1^'ia,-i'^1,a) (HI) 

which is invariant under the action of the superalgebra. 
The corresponding expressions singling out superqubits 
B and C are also invariant and equal to ( 111 ). sDet axYZ 



can be seen as the definition of the super-Cayley deter- 
minant of the cubic superhypermatrix given in [Figure 2 
Writing 



f 1AIA2 




\1*A2 


7.. ) 



^ 1A^A2 


7Ai.A 


\ 7^2. 


) 



we obtain an invariant analogous to ( |100 ) 



sDet ajfYz = \ %\.t{{V^EY*EV^\ 



so that 



sDet axYZ 



- sdet F-^ 



(112) 

(113) 
(114) 



in analogy to the conventional three-qubit identity ( 38 1 
This result for sDet agrees with that of [7j- 



In this sense sDetaxrz, ^'^^XxX2: and Txyz are 
the natural supersymmetric generalizations of the hy- 
perdeterminant, DetoAsCj and the covariant tensors, 
iCf'^^AxA2 and TabCi of the conventional 3-qubit treat- 
ment summarized in [section IIIB| Finally we are in a 
position to define the super 3-tangle: 



(117) 



Txyz = 4WsDet axyz(sDet a^y^)*. 



In summary 3-superqubit entanglement seems to 
have the same five entanglement classes as that 
of 3-qubits shown in [Table Ij with the covariants 
a ABC, 7^^ J 7^7 7*^7 Tabc and Det a^sc replaced by their 
supersymmetric counterparts axYZ,^^,^^ ,^'^\Txyz 
and sDet uabc- 

Completely separable nonsupercntangled states 
are given by product states for which qabc — 
aAbBCc,aAB* = aAbBC,,aA,c = aAb,cc,a,BC = 
a,bBCc,aAm, = aAb,c,,a,B» = a,bBC,,a„c = 
a,b,cc, a,„ = a,b,c,, and sDeta;!^:^^ vanishes. This 
provides a nontrivial consistency check. 

An example of a normalized physical biseparable state 
is provided by 



l*) = 7|(|000) + |011) + |0..)) 



for which 



(F^ 



(118) 



(119) 



and F^, F*-^, Txyz and sDeiaxYZ vanish. More gener- 
ally, one can consider the combination 

\^) = (|a|^ + |/3|2)'V2[_i^^(|ooo) + 1011)) + /3|0 . .)] 

(120) 

(121) 



for which 



(F^ 



and the other covariants vanish. 
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An example of a normalized physical W state is pro- 
vided by 



l*) = 7g(|110) + |101> + |011) 

+ |..1) + |.1.) + |1..)) 



(122) 



for which 



and 



(r^)n = (r^)n = (r^)ii = -\ (123) 



^111 - ^ 



(124) 



while sDet axYZ vanishes. One could also consider 

I*) = ^Jsd^p + W)-">{\m + 1101) + 1011)) 

+/3(|..1> + |.1.) + |1..))] 

(125) 



for which 



2a 



2 , 02 



(r^)ii = (r^)ii = (r^)ii = -^rrf^^^^K^ (126) 



and 



Till = 



3(|aP + |/3P) 
«(2a2 + /?2) 



(127) 



while the other T components and sDet clxyz vanish. 

An example of a normalized physical superentangled 
state is provided by 



|*) = ^(|000) + |..0) + |.0.) + |0..) 



Illl) + l..l) + l.l.) + ll..)) 



for which 



sDet axYZ = 



64 



(128) 



(129) 



and 



TxYZ = ^xlsDetaxYzisDctaxYz)* = ja- (130) 



VI. CONCLUSION 



in the Hilbert space [53] , but this may be too draconian. 
See |27j for an alternative approach. 

Nevertheless, for the SLOCC equivalence group 
[S'L(2,C)]" and the LOCC equivalence group [S'C/(2)]", 
we presented their minimal supersymmetric extensions, 
[05^(112)]" and [uOSp{l\2)Y^ respectively, and showed 
explicitly how superqubits would transform under these 
groups for n = 1,2,3. Furthermore, we found super- 
symmetric invariants that are the obvious candidates for 
supersymmetric entanglement measures for n = 2, 3. We 
hope in future work to classify fully the 2 and 3 su- 
perqubit entanglement classes and their corresponding 
orbits as was done for the 2 and 3 qubit entanglement 
classes in [21 IH [6] . 

As noted in the |Introduction[ a physical realization of 
our superqubit is more likely to be found in condensed- 
matter physics than high-energy physics. While the po- 
larizations of a photon or the spins of an electron provide 
examples of a qubit, the inclusions of photinos or selec- 
trons do not obviously provide examples of a superqubit, 
since the supersymmetrization of the (S)LOCC equiva- 
lence groups is distinct from the supersymmetrization of 
the spacetime Poincar group. 

We would also like to point out that this work is part of 
the ongoing correspondence between ideas in string and 
M-theory and ideas in quantum information theory. See 
|28] for a review. This paper continues the trend of using 
mathematical tools from one side to describe phenomena 
on the other. 
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NOTE ADDED 

A very interesting paper has recently appeared |29l , 
which analyzes quantum computing with superqubits. 



In this paper we have taken the first steps toward gen- 
eralizing quantum information theory to super quantum 
information theory. We introduced the superqubit de- 
fined over an appropriate super Hilbert space. We ac- 
knowledge that there are still important issues to address, 
notably how to interpret "physical" states with nonvan- 
ishing soul for which probabilities are no longer real num- 
bers but elements of a Grassmann algebra. (The sum of 
the probabilities still add up to one, however.) The exam- 
ples of [section V| avoided this problem, being pure body. 
DeWitt advocates retaining only such pure body states 



Appendix A: Superlinear algebra 

Grassmann numbers are the 2"-dimensional vectors 
populating the Grassmann algebra A„, which is gener- 
ated by n mutually anticommuting elements {9^}^^i- 

Any Grassmann number z may be decomposed into 
"body" G C and "soul" zs viz. 



7c- — 0°-^ ■ ■ ■ 0' 
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where Ca^-.-ak € C are totally antisymmetric. For finite 
dimension n the sum terminates at A: = 2" and the soul 
is nilpotent 2^^^ = 0. 

One may also decompose z into even and odd parts u 
and V 



(2k)\ '^ax---a2k 



. . . f)°-2k 



„, _ 1 „ mi , , aa2k+i 



which may also be expressed as the direct sum decompo- 
sition A„ = A° © A^. Furthermore, analytic functions / 
of Grassmann numbers are defined via 



/W:-EM/^'n^B)4, (A3) 

k=0 

where /'■'^■'(zg) is the fc'^ derivative of / evaluated at zg 
and is well defined if / is nonsingular at zg |23| . 
One defines the grade of a Grassmann number as 



degx :— 







e AO 



1 X e Ai , 



(A4) 



where the grades and 1 are referred to as even and odd, 
respectively. 

Define the star * and superstar operators [351 UHl HO] 
satisfying the following properties: 

iA^X = K, (Air = A,i, 



{xe,)*^x*e*, ef* 



where a; € C and * is ordinary complex conjugation, 
which means 



a 



a. 



(-) 



dcg a 



a 



(A6) 



for pure even/odd Grassmann a. The impure case follows 
by linearity. 

Following [33] one may, if so desired, take the formal 
limit n — )■ 00 defining the infinite dimensional vector 
space Aoo . Elements of Aoo are called supernumbers. Our 
results are independent of the dimension of the underly- 
ing Grassmann algebra and one can use supernumbers 
throughout, but for the sake of simplicity we restrict to 
finite dimensional algebra by assigning just one Grass- 
mann generator 9 and its superconjugate 9^^ to every 
superqubit. 

The grade definition applies to the components 
Txi - Xk of ^iiy fc-index array of Grassmann numbers T, 
but one may also define degX^, the grade of an index, for 
such an array by specifying a characteristic function from 
the range of the index Xi to the set {0,1}. In general 
the indices can have different ranges and the character- 
istic functions can be arbitrary for each index. It is then 



possible to define deg T, the grade of an array, as long as 
the compatibility condition 

k 

degT=deg(rx,...xJ + EdegX, mod 2 V X, 



(A7) 

(A2) is satisfied. In precisely such cases the entries of T satisfy 



deg(Tx,...xJ =degr + ^degX, mod 2, 

2 = 1 

degT = deg(ri...i), (A8) 

deg(Tir2) = dcg Ti + deg T2 mod 2, 

so that in other words T is partitioned into blocks with 
definite grade such that the nearest neighbors of any 
block are of the opposite grade to that block. The array 
grade simply distinguishes the two distinct ways of ac- 
complishing such a partition (i.e. the two possible grades 
of the first element T1...1). Grassmann numbers and the 
Grassmann number grade may be viewed as special cases 
of arrays and the array grade. 

Special care must be taken not to confuse this notion of 
array grade with whether the array entries at even/odd 
index positions vanish. An array T may be decomposed 
as 



Tr. 



(A9) 



where the pure even part Te is obtained from T by set- 
ting to zero all entries satisfying deg(Txi - Xk) = 1; ^^d 
similarly mutatis mutandis for Tq- The property of be- 
ing pure even or pure odd is therefore independent of the 
array grade as defined above. 

The various grades commonly appear in formulae as 
powers of -1 and the shorthand 



■■= (-1) 



dcgX 



(AlO) 



is often used. The indices of superarrays may be super- 
symmetrized as follows: 



^[Txi- 



Txi---iXi\-\x^l-Xk ■- 
■Xi-Xy-Xk + (-)'^*^'7j>s:i- 



(All) 



■ X A • • • JC j • • • X U 



While we require these definitions for some of our con- 
siderations, one typically only uses arrays with 0, 1, or 2 
indices where the characteristic functions are monotonic: 
supernumbers, supervectors, and supermatrices, respec- 
tively. Functions of grades extend to mixed superarrays 
(with nonzero even and odd parts) by linearity. 

A {p\q) X (r|s) supermatrix is just an {p + q) x {r + s)- 
dimensional block partitioned matrix 



M = 



r 


s 


p( A 


B 




D 



(A12) 
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where entries in the A and D blocks are grade degM, 
and those in the B and C blocks are grade degM + 1 
mod 2. The special cases s = or g = can be permitted 
to make the definition encapsulate row and column su- 
pervectors. Supermatrix multiplication is defined as for 
ordinary matrices; however, the trace, transpose, adjoint, 
and determinant have distinct super versions |251 131j . 
The supertrace str M of a supermatrix is M defined as 



strM:=^(-)(^+*^)^M;fx 



(A13) 



X 



and is linear, cyclic modulo sign, and insensitive to the 
supertranspose 



str(M + N) ^ str(M) + str(7V) 
stT{MN) = (-)*^^str(ArM) 
str M** = str M. 



(A14) 



The supertranspose M** of a supermatrix M is defined 
componentwise as 



(A15) 



Unlike the transpose the supertranspose is not idcmpo- 
tent; instead, 

M^*^*^*xix. = (-)(^^+*^)(^^+^=)Mx,Xi, (A16) 
M** ^* ^* y y = My V 

SO that it is of order 4. The supertranspose also satisfies 

{MNy = (-)*^^iV"*M"*. (A17) 

The adjoint ^ and superadjoint of a supermatrix are 
defined as 



and satisfy 



Aft := M** 
:= M*'\ 

Mtt = (-)A^Af, 



(A18) 



(A19) 



The preservation of anti-super-Hermiticity, — 
—M, under scalar multiplication by Grassmann numbers, 
as required for the proper definition of uosp(l|2) [32], ne- 
cessitates the left/right multiplication rules: 



{Ma)x,x, = (-)^^"AfxiX2a- 

The Berezinian is defined as 

BerAf := det(^ - BZJ^^C)/ detp) 
= det(A)/det(i:> - CA'^B) 



(A20) 



(A21) 



and is multiplicative, insensitive to the supertranspose, 
and generalizes the relationship between trace and deter- 
minant 



Ber(Af7V) = Ber(Af ) Ber(iV) 
Ber Af"* = Ber M 



(A22) 



Ber e 



„str M 



The direct sum and super tensor product are un- 
changed from their ordinary versions. As such, the di- 
mension of the tensor product of two superqubits is given 
by 



(2|1)®(2|1) = (2|1|2|3|1), 
while the threefold product is 

(2|1)^3 ^ (2|i|2|3|3|l|2|3|l|2|l|2|3|l), 



(A23) 



(A24) 



with similar results holding for the associated density 
matrices. In analogy with the ordinary case we have 



(M (g>Ny = Af* (g> TV* 
{M(S)Ny* = A4""* TV"* 
str(A4" (g) iV) = str Af str N. 



(A25) 



These definitions are manifestly compatible with Her- 
miticity and super-Hermiticity. 

Denoting the total number of bosonic elements in the 
product of n superqubits by i?„, and similarly the total 
number of fermionic elements by Fn, we know that Bn 
{F„) is given by the total number of basis kets with an 
even (odd) number of "'s: 



Bn — 



1 



2 

3" - 1 
2 



(A26) 



so that, in particular, B^—Fn = 1: the number of bosonic 
elements is always one more than the number of fermionic 
ones. 

In supermatrix representations of superalgebras, one 
may represent the superbracket of generators M and N 
as 

|A/, N\:^ MN - NeM ~ No {Me - Mq )■ ( A27) 

One may also consider supermatrices M and N whose 
components are themselves supermatrices. Provided the 
component supermatrices are pure even (odd) at even 
(odd) index positions (e.g. A/n is a pure even superma- 
trix for even Af), one may write the superbracket of such 
supermatrices as 



Mx^X2^X3Xi 



{Mx,x„Nx,x,\ = 
_ (_)(^i+^^)(^3+x,)^^^^^^^ 



(A28) 

where the final two indices are suppressed. This grouping 
of supermatrices into supermatrices is useful for summa- 
rizing the superbrackets of superalgebras. 
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Appendix B: Orthosymplectic superalgebras 

Supcrmatrix representations of the orthosymplectic 
supergroup OSp{p\2q) consist of supermatrices M g 
GL{p\2q) satisfying 

M'^EM = E, (Bl) 
but for convenience we choose instead to use superma- 



trices M £ GL{2q\p) satisfying 
the invariant supermatrix E is defined by 

1 



E 



J. 



2q 



Bl|). In this convention, 
(B2) 



'tg 



Definitions of supermatrices, the supertranspose, and 
further details of superlinear algebra may be found in 
[Appendix A| 

Writing a generic supermatrix DJl of the super Lie al- 
gebra 05p{p\2q) as 



m = 



(A 









(B3) 



permits (Bl) to be rewritten as the following conditions 
on the blocks of the algebra supermatrices: 

A*J = -M, C = B*J, £>* = -D. (B4) 



Depending on the value of p, the superalgebra falls into 
one of three basic, "classical" families 

' B{r,q) p = 2r + 1, r > 
05pip\2q)= {C{q + 1) p = 2 (B5) 
D{r,q) p^2r, r > 2. 

Clearly it is the first case that will concern us, in partic- 
ular, with r = 0, g = 1. B{r, q) has rank q + r, dimension 
2{q + r)^ + 3q + r, and even part so{p) © 5p(2g), which 
for osp(l|2) are 1, 5, and s[(2), respectively. 

One generates 05p{p\2q) as a matrix superalgebra by 
defining the supermatrices U and G 



{UxiX2)x3Xi ■— SxiXiSx2X3 



G 







^0 


Hp) 



(B6) 



where 



7J„ 



CTi (8) Ir p ~2r 

[cti (g) Ir] © (1) p = 2r 



1 



(B7) 



with (Ji being the first Pauli matrix. Here the indices 
Xi range from 1 to 2g -I- p and are partitioned as Xi = 
{Xi,Xi) with Xi ranging from 1 to 2q, and Xi taking on 
the remaining p values. Note that under (B6 1, G has the 
following symmetry properties 



C^XiX2 — ~^X2Xil 

^ X1X2 



^XiX2 ~ +^X2Xi' 

= ^XoX, ' 



(B8) 



TABLE V. osp(l|2) superbrackots. 





Toi 


Too 


Til 


To 


Ti 


Toi 





— 2Too 


2Tn 


-To 


Ti 


Too 


2Too 





4Toi 





2To 


Til 


-2Tii 


-4Toi 





-2Ti 





To 


To 





2Ti 


Too 


Toi 


Ti 


-Ti 


-2To 





Toi 


Til 



which are shared with the invariant supermatrix E. In 
the special case p — 1, G reduces to E. 
The generators T are obtained as 



T 



X1X2 



2G 



lXl\X3UX;,\X2 



(B9) 



where T has array grade zero and the index grades are 
monotonically increasing: 



degA := 



Xe{l,...,2q} 

1 X e {2q + l,...,2q + p}. 



(BIO) 



Clearly T has symmetry properties TxiX2 ~ T^\XiX2\- 
The 2q{^q -I- l)/2 generators Tx^x2 generate sp(2q), the 
p{p — l)/2 generators Tx^x^ generate so(p), and both 
are even (bosonic), while the 2pq generators Tj^^x^ 
odd (fermionic). These supermatrices yield the 0Bp{j)\2q) 
superbrackets 



4G 



[XilXs^XsIXi] 



(Bll) 



where the supersymmetrization on the right-hand side is 
over pairs A1A2 and A3A4 as on the left-hand side. The 
action of the generators on (2q|p)-dimensional supervec- 
tors ax is given by 

(7xiX2)x3X4ax4 = (7xiX2a)x3 = 2G'jXi|X3«X2l (B12) 

This action may be generalized to an A^-fold super ten- 
sor product of (2g|p) supervectors by labeling the indices 
with integers k — 1,2, ... ,N 



{TxkY^,a)zi- 
(-_)(Xfc-(-Yfc)i:-r/|z.l2G 



[Xfc|ZfcaZi---|Yfc]---Zjv 



(B13) 



In our special case p = 1 we denote the lone dotted in- 
dex Xi by a bullet • and start counting the barred in- 
dices at zero so that Xi — (0,1, •). Obviously the T,, 
generator vanishes identically, leaving only the following 
superbrackets: 



[TAtA2,TA3Ai] = AE(^Ai{Ai,TA2)Ai) 
[TaiA2-,Ta3»\ = 2i?(Ai|A37l42). 

{7ai.,7a2.} = TA1A21 



(B14) 



which are written out in [Table V| with T4 = T4, = T,^. 

Explicitly the generators are 
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1 






^0 










<l 


2 




Too = 











\» 









/" 







n- 












^0 


1 







/ 




Til - 


-2 






\ 






' 













^-1 





(B15) 



In order to make contact with [7], we rescale the genera- 
tors into a new supermatrix P 



[Xi 1X3^X3 1x2] 



(B16) 



to yield the superbrackets 

[PAiA2,Pa3A^ = 2e(Ai(A3PA2)Ai) 

[PA^A2,QA3]= e(A^\A-,QA2) (B17) 
{QAuQ^al — ^PAiA^: 

where Qa = Pa, which arc summarized as 

lPx,X2,Px3xJ = ^EiXiiXsPxijXii- (B18) 

The rescaled generators have the action 

{PxiX2a)x3 = ■£^1x11x30x2] 

{PxkY^a)z,-z^-z,, = (B19) 

{-) '^'=' 'Elx^\Zkaz,...\Y^i..z«, 

which summarizes Tables In 111 and IV 
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